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i 1 24 DX A 28 A 25 /)N L T [0 ™ R PRI S5 R O — B 5 p(K) > R
I ARAS AN FEFE PRI R 1) o JUIT b Qo 2T B 7R 17 75 [0 B 75 49 750 kAL 2424 250
K, HEMSAMEZRDL) 500 K, BRIREER 1 R R G WEA B 5 SR (Fff
255 (1) B Hlgs A2 JRAL B RIERH , BIAE ¢ f2F Q 4b, S daik. JkiHALs
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K): HELEIRZ A ERN G THRENEL n, ZMAAEFRBIETIA (¢ — 9] < 10005 X
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oy Rk Iiik . AR Qo IEHIE.
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PR ESR. X q € Qp, #iRIA direction &iE# 3., EX Kai(q,8) = K1 N
Wi(q, 3,0) (4kSLZNEHE B 5 RIEMHEEREE) . HIFESEE Y 2R F near, &
X Kn(q) = K1 N B(g,5), # p(K,) <5, Al BEIETEYHIALEGY M IFERR, W2 20
KIEBRFAM, PLBITHR— N AE. Ll ds B AMAEE, X g —ql > 5 MRk
PLEILEEITAL hy(g) = atan2(g, — ¢y, 9 — ¢2)» WIWTREEEG A Blq) = {6 : Fg €
Ky, llg—dqll > 5, dsi(8,he(g)) < 0}o XEFHFTA RFREMBTTRERE, AR
WRZE ] DLREATL ST F R
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BB n1,neo MR/ HALBE DS U5 BEAR /N, J7 AR B — B R T 4
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(17)
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X
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Par(s1,1500), W) Ky C Ky, SHE 8 80 iR P P AR E . 5304 il
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BV 2 (4 DX A R AGE 32 3l ie) )
L AZIS B YOI Ay o) — 4 IR A ROR T B, M K BHARSFR7R |
2. ¥ (12) i av ¢ 5 b =1000 — a, BEHOHEIREBEMLENEZ b —n;

3. EARREEE: B c &g = c+rcosju+sinjuy) (0 < rp < b—ns
Y; =2mj /Ny~ uy = (—sinfy,cos6)), ARk A 3w e HINCE B PRI ;

4. SHGAMERE S EIMI R FEPRAY (), PRAFIRIR A DX ) Kk 7 B [ 4 A iAy
A ;
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SCHE/H R P

BEH

geometry/  JLATAIAH
planning.py  [AJ/# 2 ik i T A
examples/ql/ [al# 1 %y NAEA

A AR f/ M E

first_bearing candidate_disk

EHEN=

FIE A

output/ql/ [l | Futh Skl Uik Tl

B IZFIRIKEE

PAF D9 SR T A% O IR, e BT asq 7 AR LA SCHER R R4 M v

B.l src/mcm26b/geometry/localization.py: XS ENJLIATAIZ

"""Intersect forward bearing wedges without an artificial bounding box.

A1l calculations are floating point with normalized station coordinates.

The reference algorithm deliberately favors auditability over asymptotic speed.

from dataclasses import dataclass
from itertools import combinations
from math import cos, sin, radians, hypot, isfinite

from random import Random

Point = tuple[float, float]
EPS = 1e-9
PARALLEL_EPS = 1le-12

@dataclass(frozen=True)
class Measurement:
x: float
y: float
bearing_deg: float
half_angle_deg: float = 1.0

def __post_init__(self):

values = (self.x, self.y, self.bearing_deg, self.half_angle_deg)

if any(isinstance(v, bool) or not isinstance(v, (int, float))
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46

47

48

49

65

66

67

68

69

def

def

def

def

or not isfinite(v) for v in values):
raise ValueError ("Abr. 70 FEFIRZE A A2 A TRALE™)
if not 0 <= self.half_angle_deg < 90:
raise ValueError ("{RZfLfE [0, 90) & I MLE")

cross(a: Point, b: Point) -> float:

return a[0] * b[1] - a[1] * b[0]

distance(a: Point, b: Point) -> float:

return hypot(al[0] - b[0], a[1] - b[1l)

halfplanes(m: Measurement) -> list[tuple[float, float, float]]:
"""Return a*x+b*y<=c with unit normals, including the forward constraint."""
theta = m.bearing_deg % 360
lower, upper = radians(theta - m.half_angle_deg), radians(theta + m.half_angle_deg)
middle = radians(theta)
normals = [(sin(lower), -cos(lower)), (-sin(upper), cos(upper)),
(-cos(middle), -sin(middle))]

return [(a, b, a * m.x + b * m.y) for a, b in normals]

convex_hull(points: list[Point], eps: float = EPS) -> list[Point]:

"""Monotone chain, CCW, no repeated final vertex; retain segment endpoints."""
ordered = sorted(points)

unique = []

for p in ordered:
if not unique or distance(p, unique[-1]) > eps:
unique.append(p)
if len(unique) <= 2:

return unique

def chain(seq):
out = []
for p in seq:
while len(out) >= 2:
(out[-11[0] - out[-2]1[0], out[-1]1[1] - out[-2]1[1]1)
(pl0] - out[-11[0]1, p[1] - out[-11[11)

# Distance-to-line tolerance, not an unscaled area tolerance.

a

b

if cross(a, b) > eps * max(hypot(*a), hypot(*b), eps):
break
out.pop()
out.append (p)

return out
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74 return chain(unique) [:-1] + chain(reversed(unique)) [:-1]

77 | def diameter(points: list[Point]):

78 if not points:

79 raise ValueError ("% AR AATE & P EAE")
80 a = b = points[0]

81 value = 0.0

82 for p, q in combinations(points, 2):

83 d = distance(p, q)

84 if d > value:

85 value, a, b =d, p, q

86 return value, (a, b)

87

39 |def _circumcircle(a: Point, b: Point, c: Point):
(b[0] - al0l, b[1] - al1l)

(cl0] - alo0], cl1] - al1D)

92 det = 2 * cross(u, v)

93 if abs(det) <= PARALLEL_EPS * max(hypot(*u) * hypot(*v), 1e-300):

90 u

91 v

94 return None

95 uu, vv = ul0] **x 2 + u[1] *x 2, v[0] ** 2 + v[1] **x 2
96 center = (a[0] + (uu * v[1] - vv * u[1]) / det,

97 a1l + (ul0] * vv - v[0] * uu) / det)

98 return center, distance(center, a)

99
100

101 |def _enclosing_circle_reference(points: list[Point], eps: float = EPS):

102 """Enumerate all 1/2/3-point supports; 0(m~4), appropriate for small m.

103

104 Radius is recomputed against every vertex to preserve numerical containment.
105 Coordinates should be normalized when there are very large offsets.

106 e

107 if not points:

108 raise ValueError ("% fE N F /M [H & ")

109 xs, ys = [p[0] for p in points], [p[1] for p in points]
110 best_c = ((min(xs) + max(xs)) / 2, (min(ys) + max(ys)) / 2)

111 best_r = max(distance(best_c, p) for p in points)

113 def consider(center, radius):

114 nonlocal best_c, best_r

115 if radius > best_r + eps:

116 return

117 actual = max(distance(center, p) for p in points)
118 if actual <= radius + eps and actual < best_r:
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127

128

129

130

139

140

141

142

143

144

145

146

147

148

149

150

160

161

162

163

164

def

best_c, best_r = center, actual

for p in points:

consider(p, 0.0)
for a, b in combinations(points, 2):

consider (((a[0] + b[0]) / 2, (al1l + b[1]) / 2), distance(a, b) / 2)
for a, b, ¢ in combinations(points, 3):

circle = _circumcircle(a, b, c)

if circle is not None:

consider (*circle)

return best_c, best_r

smallest_enclosing_circle(points: list[Point], eps: float = EPS):

"""Welzl's randomized incremental algorithm, using an explicit call stack.

The fixed shuffle makes results reproducible. Expected linear work refers
to randomized input order, not a worst-case guarantee for this fixed seed.
Normalize internally so this public helper also handles translated inputs.
The exhaustive reference is retained for independent regression comparisons.
Wi
if not points:
raise ValueError ("ZSfEN T F /M [H & ")
if not isfinite(eps) or eps <= 0:
raise ValueError("epsWA/ii A7 fRIEZL")
if any(len(p) != 2 or any(isinstance(x, bool) or not isinstance(x, (int, float))
or not isfinite(x) for x in p) for p in points):
raise ValueError (" fifE 00700 AT PR — 4EARFRAL ")
origin = points[0]
scale = max(distance(origin, p) for p in points)
if scale ==
return tuple(origin), 0.0
local = [((p[0]-origin[0])/scale, (p[1]l-origin[1])/scale) for p in points]
tolerance = min(eps/scale, EPS)
Random(20260910) . shuffle(local)
# Frame = (remaining prefix length, forced boundary, returning from child).
stack = [(len(local), (), False)]
circle = None
while stack:
n, boundary, returning = stack.pop()
if n == 0 or len(boundary) ==
# Forced support points must lie ON the boundary. For three points
# use their circumcircle, even when their unconstrained MEC is smaller.
circle = _circumcircle(*boundary) if len(boundary) == 3 else None
if circle is None and boundary:

circle = _enclosing_circle_reference(list(boundary), tolerance)
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200
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204

205

206

207

208

209

def

elif not returning:
stack.append((n, boundary, True))
stack.append((n-1, boundary, False))
elif circle is None or distance(circle[0], locall[n-1]) > circle[1] + tolerance:
stack.append((n-1, boundary + (locall[n-1],), False))
center = (origin[0]+circle[0] [0]*scale, origin[1]+circle[0] [1]*scale)
# Recompute after transforming back: returned circle contains all input points
# to distance() precision, including any roundoff from the large translation.

return center, max(distance(center, p) for p in points)

solve (measurements: list[Measurement], eps: float = EPS) -> dict:

"""Solve Q1l's pure angular intersection (no disk/range prior added).

Nonempty intersections of <180-degree forward wedges are pointed polyhedra,
so they possess a vertex, even if unbounded. Feasibility follows from vertex
enumeration; unboundedness follows from a nonzero recession direction.
Empty diameter is null, unbounded diameter is null with diameter_infinite=true.
wn
if not isfinite(eps) or eps <= 0:
raise ValueError("epsWA/i AT fRIEZL")
if not measurements:
return {"status": "unbounded", "vertices": [], "diameter_m": None,
"diameter_infinite": True, "recession_direction": [1.0, 0.0],
"message": "BUAMM, FAFEIYAIT}
if len(measurements) > 100:
raise ValueError ("4 SiHlIt & Halr100 MM s T AHUBERE I8 FIIK T 32 505 )
ox = sum(m.x for m in measurements) / len(measurements)
oy = sum(m.y for m in measurements) / len(measurements)
scale = max(1.0, max(hypot(m.x - ox, m.y - oy) for m in measurements))
local = [Measurement((m.x - ox) / scale, (m.y - oy) / scale,
m.bearing_deg, m.half_angle_deg) for m in measurements]

planes = [h for m in local for h in halfplanes(m)]

def inside(p):

return all(a * p[0] + b * p[1] <= ¢ + eps for a, b, ¢ in planes)

feasible_vertices = []
for (a, b, ¢), (d, e, f) in combinations(planes, 2):
det =a *xe -bx*xd
if abs(det) <= PARALLEL_EPS:
continue
p=(c*xe-bx*xf) /det, (a*xf -cx*d / det)
if inside(p):

feasible_vertices.append(p)
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if not feasible_vertices:
return {"status": "empty", "vertices": [], "diameter_m": None,

"diameter_infinite": False, "tolerance_m": eps * scale,

"message": "W MABLIA AT KANGE. B LIRZER Y

# A nontrivial 2D recession cone has a ray tangent to an input halfplane.
# Use a much tighter angular threshold than the positional feasibility epsilon.
ray = None
for a, b, _ in planes:
for direction in ((b, -a), (-b, a)):
if all(d * direction[0] + e * direction[1] <= 2e-14
for d, e, _ in planes):
ray = direction
break
if ray is not None:

break

hull = convex_hull(feasible_vertices, eps)

def world(p):

return [ox + p[0] * scale, oy + p[1] * scale]

result = {"status": "unbounded" if ray else
("point" if len(hull) == 1 else "segment" if len(hull) == 2 else "polygon"),
"vertices": [world(p) for p in hull], "tolerance_m": eps * scale,
"diameter_infinite": ray is not None}
if ray is not None:
result.update(diameter_m=None, recession_direction=list(ray),
message="{F{EIEEFERTTIM, KR, HENTLH KM

return result

d, pair = diameter(hull)
midpoint = ((pair[0][0] + pair[1]1[0]) / 2, (pair[0][1] + pair[1][1]) / 2)
distances = [distance(midpoint, p) for p in hull]
witness_index = max(range(len(hull)), key=distances.__getitem__)
max_distance = distances[witness_index]
center, radius = smallest_enclosing_circle(hull, eps)
area = abs(sum(cross(hull[i], hull[(i + 1) % len(hull)])
for i in range(len(hull)))) / 2
result.update(diameter_m=d * scale, diameter_pair=[world(p) for p in pair],
area_m2=area * scale ** 2,
diameter_circle={"center": world(midpoint), "radius_m": d * scale / 2,
"max_vertex_distance_m": max_distance * scale,
"covers": max_distance <= d / 2 + eps * 4,
"coverage_tolerance_m": 4 * eps * scale,

"max_excess_m": (max_distance-d/2) * scale,
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"outside_vertex_indices": [i for i, value in enumerate(

distances)
if value > d/2 + 4x*eps],
"witness_vertex": world(hull[witness_index])
if max_distance > d/2 + 4*eps else None},
minimum_enclosing_circle={"center": world(center), "radius_m": radius * scale
3,

guaranteed_clearable_at_mec_center=radius * scale <= 20 - eps * scale * 4,
clearance_certificate={"model": "angular_intersection_only",
"clear_radius_m": 20.0,
"numerical_margin_m": 4*eps*scale,
"radius_with_margin_m": (radius+4*eps)*scale,
"remaining margin_m": 20-(radius+4*eps)*scale,
"center": world(center)})

return result

B.2 src/mcm26b/geometry/planning.py: [A)fR 2 BE{FIEXI

"""Distance certificates for Q2; does not change Ql1's angular polygon model."""

from math import cos, sin, radians, isfinite

from .localization import Measurement

def first_bearing_candidate_disk(measurement: Measurement,
max_range_m: float = 1500,
guaranteed_range_m: float = 1000) -> dict:

"""Enclose the entire truncated first-bearing sector, then erode its disk.

For half-angle <=45 degrees the sector MEC has center distance and radius
a=R/(2xcos(delta)). Intersecting with Omega only shrinks the source set.
A missing sufficient disk is NOT proof that Q is empty. The certificate
guarantees distance only: directional transmitters may still be invisible.
if any(isinstance(v, bool) or not isinstance(v, (int, float)) or not isfinite(v)
or v <= 0 for v in (max_range_m, guaranteed_range_m)):
raise ValueError ("JZU 1500700 A FRIEAL™)
if measurement.half_angle_deg > 45:
raise ValueError ("I fiiE 13{ SRRl ANE LT 45 B 1)
delta, theta = radians(measurement.half_angle_deg), radians(measurement.bearing_deg % 360)
a = max_range_m/(2*cos(delta))
center = [measurement.x+a*cos(theta), measurement.y+a*sin(theta)]
available = guaranteed_range_m-a
return {"source_model": "first_bearing_sector_with_range_upper_bound",
"sector_enclosing_circle": {"center": center, "radius_m": a},

"sufficient_candidate_disk": {"center": center, "radius_m": available}
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if available >= 0O else None,
"candidate_nonempty_certified": available >= O,
"distance_only": True,

"max_range_m'": max_range_m, "guaranteed_range _m": guaranteed_range_m}
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